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Abstract � Sparse arrays have been proposed for

two-dimensional arrays for three-dimensional ultrasound

imaging in order to reduce the number of channels in the

system. Such arrays have been designed by picking array

elements in a random fashion, either according to a uni-

form or a Gaussian distribution. A random array can have

large variations in the level of the maximum sidelobe.

A method for optimization of the sidelobe level of 1-D

sparse arrays has been demonstrated. This shows that

weighting can give responses that resemble �lled Dolph-

Chebyshev arrays. The initial thinning pattern is of less

importance for the �nal result, but the less ideal the un-

weighted pattern is, the more dynamic range is required

from the weight function.

Introduction

Three dimensional ultrasound imaging has been demon-

strated to give unique clinical information. It is now con-

sidered to be an imaging mode with a de�nitive future.

One of the striking clinical examples that demonstrate the

mode's potential is three-dimensional cineloops of moving

heart valves. This kind of imaging is presently done with

arrays that are mechanically scanned in the second dimen-

sion. In the future two-dimensional electronically scanned

and focused arrays will give advantages such as simpler

use, easier access and no moving parts.

Two-dimensional arrays present several challenges in

technology, the major one from a systems point-of-view

being the large number of channels that needs to be han-

dled. Typically one would desire 64�64 = 4096 channels.

Thinning of the array elements to give a sparse array has

therefore been proposed in order to reduce this number to

1/4 or even less [6]. Such arrays have been designed by

picking array elements in a random fashion, either accord-

ing to a uniform or a Gaussian distribution. A random

array can have large variations in the level of the maxi-

mum sidelobe level, therefore a search has been proposed

in order to select the con�guration with lowest maximum

sidelobe [9].

Sparse arrays have been researched for a long time for

applications in radar, sonar, and geophysics. Such ar-

rays have been used as a means of obtaining maximum

resolution with a minimal number of elements, using the

coarray as a means of quantifying performance [8]. Sev-

eral researchers have also investigated ways to control the

sidelobe levels for sparse arrays. Almost all of the opti-

mization methods are based on the minimax criterion, i.e.

equiripple behavior in the mainlobe and sidelobe regions.

The optimization problem for a one-dimensional line array

can be approached from several di�erent angles:

1. Uniform element spacing and optimization of ele-

ment weights. This leads to conventional Dolph-

Chebyshev weighting.

2. Unity weights and optimization of element spacings.

It is demonstrated in [4] that by using a nonlinear

minimax optimization procedure, the element spac-

ings can be regarded as continuous variables and

convergence is achieved.

3. Fixed pattern of non-uniformly spaced elements and

optimization of element weights [2, 3].

4. Simultaneous optimization of positions and weights

under the constraint to minimize the number of ele-

ments for a symmetric array [5, 7]. The search for

positions is simpli�ed by assuming a �xed underly-

ing grid.

Optimization Method

Due to the importance of the coarray in designing sparse

array geometries our �rst approach was to base the design

on the coarray. The coarray is de�ned as the correlation

of the aperture of an array. It is also the inverse Fourier

transform of the far-�eld beam pattern of the array. Usu-

ally the coarray has been used to design arrays with as

high resolution as possible. This is equivalent to having a

coarray which is as uniform as possible, and which spans

the maximum number of lags. Thus the desired coarray

is equal to the number of elements for lag zero, and unity



for all other lags. This is not achievable in practise for

arrays with more than four elements, but approximations

to the ideal has given rise to the concepts of minimum re-

dundancy arrays and nonredundant minimummissing-lag

arrays [8].

The design criterion here is a bit di�erent since it is

important to control not only detail resolution, but also

contrast resolution. Thus one must have control over the

sidelobe levels. As demonstrated later, the coarray is not

a good indicator of that. Instead one must use design

methods that do the optimization directly on the spatial

response.

The method described here is based on a generalization

of the Remez exchange method to an irregular grid ([2, 3]).

The method can be used for thinned arrays based on an

equi-spaced underlying grid. The method can also be used

for unequally spaced arrays such as elements spaced ac-

cording to the abscissas of a Gaussian quadrature, or sym-

metric spacings that follow a geometric series. The only

restrictions are that the weights are symmetric and that

the number of sidelobe peaks to control are approximately

equal to half the number of coe�cients.

The objective is to minimize the weighted approxima-

tion error between a desired response and the array re-

sponse. Due to the similarities with FIR �lter design,

the minimax or Chebyshev criterion can also be used for

array design. For symmetric FIR �lters an e�cient algo-

rithm is given [1]. However, in our application we will also

optimize sparse and non-equally spaced arrays. We have

therefore modi�ed the Remez algorithm to be able to this.

Our objective is thus the minimax criterion:
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where F is the set of frequencies where the response is

optimized, W is the error weighting and D is the desired

response. The polynomial form of the array pattern used

in the approximation is:

P(u) =

rX
k=0

�k cos(�ku) (1)

where �k =
2xk

�
; u = � sin�

xk : the sensor locations

� : the design wavelength

For odd length arrays the weights to be applied on the in-

dividual sensors, are found from w0 = �0; wn = w�n =

�n=2 and in the even case wn = w�n = �n=2. The al-

ternation theorem allow us to formulate the problem as a

matrix system [1]:

A~� =D (2)

where

A =

2
66666664

cos �0u0 � � � cos �ru0
�

W (u0)

cos �0u1 � � � cos �ru1
��

W (u1)
...

...
...

...

cos �0ur+1 � � � cos �rur+1
(�1)r+1�
W (ur+1)

3
77777775

~� =
�
�0 �1 � � � �r �

�T

D =
�
D(u0) D(u1) : : : D(ur) D(ur+1)

�T

The coe�cients that form the solution to this system can

then be used in Eq. 1 to calculate either the response or

the approximation error. Now a search must be performed

to �nd the extremums of the response function or the error

function. For su�cient narrow mainlobes this search can

be simpli�ed to search for extremums in the stopband of

the functions only. This will give a saving in the number of

operations. We have di�erentiated the response and used

the sign changes (i.e. vi for i = 1; 2; : : : ;M whereM is the

number of sign changes) as candidates for new extremums.

Now the r+1 extremum candidates with the largest error

are chosen. The initial extremums up and us in the pass-

and stopband respectively, are members of this set. The

updated extremal frequencies are then used in the next

iteration and convergence is normally reached after only a

few iterations (e.g. 4� 6). For wider mainlobes and when

steering is applied, the search has to be extended to check

the passband extremums more closely, since there will be

alternations there also.

Results

The initial array is a 65-element equi-spaced array with

an aperture of 32:5�. The element positions have been

perturbed and in Fig. 1 the weighting and response of the

array are shown.

The equi-spaced array has then been thinned by draw-

ing elements with a Gaussian probability density function

across the aperture i.e. the further away from the cen-

ter, the larger probability to be thinned. The resulting

element positions are evident from Fig. 2. This �gure

also shows weights and the resulting response after opti-

mization. The optimization criterion was to have approx-

imately the same sidelobe level as the previous case.

Figure 3 shows the improvement in sidelobe level ob-

tained by optimal weighting. The sidelobes are however

only controlled in a region approximately equal to the in-

verse sine of the ratio of Nthinned and Nfilled. Therefore

there is a large grating-lobe like response in the region

50� � 90�.

In the next �gure (Fig. 4) the array has been thinned

by a uniform propability distribution. Now the array has



only 31 elements.

The same 65-element array has also been thinned to 31

elements by Gaussian thinning. The result of the thinning

and the optimization of the weights is shown in Fig. 5.
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Figure 1: Characteristics of a perturbed 65-element equi-

spaced array with aperture 32:5�.
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Figure 2: Weighting and response of a 65 element

equispaced array with aperture 32:5� thinned in a

Gaussian way to 45 elements.

A comparison between the parameters of the various

arrays is shown in the table to the right. The dynamic

range is the ratio of the largest and the smallest weight

value.

Finally a comparison between the coarrays of the

weighted 65-element equi-spaced array and the weighted

perturbed 65-element array is included in Fig. 6. It shows

how di�erent the coarrays can be even when the angular
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Figure 3: Comparison between unweighted (solid line)

and weighted (dashed line) response for 65 element

array thinned to 45 elements according to a Gaussian

distribution.
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Figure 4: Weighting and response of a 65 element

equispaced array with aperture 32:5� uniformly thinned

to 31 elements.

Type Beamwidth Dynamic Sidelobe

�6dB Range Level

65 Filled 3:0� 20:6 dB �41:3 dB

65 Perturbed 4:2� 84:9 dB �41:5 dB

45 Gauss 3:9� 47:5 dB �42:2 dB

45 Uniform 4:3� 53:8 dB �41:3 dB

31 Gauss 4:2� 52:0 dB �40:8 dB

31 Uniform 5:8� 65:7 dB �41:5 dB



responses are almost similar. This is caused by the dif-

ferences in phase between the two responses, something

which is not usually shown for an angular response.
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Figure 5: Weighting and response of a 65 element

equispaced array with aperture 32:5� thinned to 31

elements in a Gaussian manner.
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Figure 6: Comparison between di�erence coarrays of

Dolph-Chebyshev (upper panel) and perturbed Dolph-

Chebyshev array (lower panel).

Conclusion

A method for optimization of the sidelobe level of 1-D

sparse arrays has been demonstrated. The method is

based on the Remez exchange algorithm and is able to

optimize the sidelobes for arrays with perturbed positions

and for arrays with thinned elements. However the more

elements that are removed, the more limited the angular

region with controlled sidelobes will be.

The initial thinning or perturbation pattern is of less

importance for the �nal result. However the poorer the

unweighted response is, the more dynamic range is re-

quired from the weight pattern.

In order to control the sidelobes in the full angular re-

gion for 2-D arrays, an algorithm with less stringent re-

quirements on the �nal result than the equiripple criterion

is needed. This implies an algorithm based on constrained

optimization.
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